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A mumerical investigation is made of the effect of the geomagnetic field
on the apparent height, attenuation and lateral deviation of waves vertically
incident on the ionosphere. The "ordinary" wave is particularly considered,
and it is shown that contrary to what is often assumed, the overall effects
of the field on the path are considerable, Moreover this overall effect is
not produced by a small change in the mode of propagation, but is the final .
result of large changes of opposite sign in diffeerent parts of the path.

The algebra is interpreted in physical terms and some estimation is made of
the probable effect on long-distance transmissione '

INTRODUCTION.

The differential equations which govern the motion of wave=~packets in a
stratified ionized medium in the presence of a steady magnetic field are
well known, but there has been little detailed numerical evaluation of the
effect on observable quantities which may be expected to be produced by the
fielde The observables are the group time, the relation in space between
the entering and emergent paths, the attenuation, and the polarization,

Many articles have shown the general course of the differentials of these
quantities (e.gs refractive index) but in almost all cases the lack of inte=-
gration has led the authors to overlook certain fecatures of the differentials
which are of considerzble practical importance., In this article the
integration of certain cases is performed numerically and the observable
‘quantities calculated. The results obtained agree with those of Millingtonl
so far as they overlap, but are carried out in greater detail. It is shown
that in many cases where it has always been assumed that the effect of the
field is negligible, it is in fact pronounced and its magnitude is determined.

- PROGRAMME.,

The general problem of the magneto—ionié effect contains so many
variables, and the algebra is so complicated, that it has not been found
possible to obtain useful general expressions for thc observable effects
Instead, a specific problem of considerable practical importance has been
worked out in detail,

The usual assumptions are made, ice.

(a) The ionosphere is stratified vertically onlye

(b) The density gradients are small, so that a ray-treatment is valid,
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{c) The callision frequency is apppeoinble hut amall compared with the wavee
froquency,

0f the quanties already listed, the path time and attemuation have haen
calculated, The polarization at any level oould be found wut the gbsgrvas
ble polarizaetion is determined at the bottom of the layer only, and there is
already in existence a comprehensive graphical method of computing it<,

The relation between incident and emergent packets’is simple as they
both travel vertically through the same point but the laterel deviatian at
any level, the overall effect of which is expressed by the relation in the
general case, heas been computed instead as it is found to be an important
quantity in the physical interpretation, =

On this basis the behaviour of the ordinary ray at verticel inecidence
in a region where the magnetic dip is -67° and the gyromagnetic frequency
1.2 Mo/s is evaluated. This value of dip and frequency corresponds to con=
ditions in England and most of Western Furope. The ordinary ray has been
investigated because it has so often becn assumed that the effect of the
field will be negligible, although this is known to be strictly true only at
the magnetic equator, 1In fact it is found that the effect of the field is
considerable and easily within the observable range. Some of the conse~
quences of this are discussed, It is realized that this ray-method is
only a first approximation to the truthe It is however, accurate enough
for many practical problems. Analytic continuation is made to certain
cases where the method is physically invalid, in order to provide checks on
graphical methods by means of analytical solutions.

PART I. DIFFERENTIALS.

1. Analysis,

The method adopted in this work has been to calculate the differential
quantities, group velocity, direction of motion of wave-packet, and rate of
attenuation, as functions of frequency and clectron density. They are
then integrated through layers chosen to correspond roughly with some typical
ionospheria conditions,

Expressions for all these quantities at vertical incidence are well
known, but numerical work has been hampered by the fact that their complicatdons
mekes them difficult to compute. The methods of computation adopted here
are based on analysis in course of publication developed by Eckersley and
Millington to deal with the general case of oblique incidences  They are
therefore given without proof in the form which they teke at vertical
incidence, as it is not obvious in this special case just why such methods
should suggest themselves, It is however easy to see that they do-agree
with the known expressions and are also numerically convenient,  The work
is expressed in terms of the motion of a wave packet limited in space as
well as in time, whose direction of motion outside the ionosphere is
vertical, whereas most detailed vertical incidence treatments are in terms
of en infinite plane wave vertically ineidents The observable ?esults.are
the same, but it is found much simpler to interpret the algebra in physical
terms by considering a limited packet. The notation used, together with
certain auxiliary functions, in finding the differentials, igt=
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+ is the wave-f‘requency.
p s the wave-length in free space,
c the velocity in free space = 3 x 108 m/sec
N the electronic density in electrons per cubjc .metre.
e the electronic charge in coulombs.
m the electronic mass in kilograms,
E'.O/}J.O the constants of free_space.
R
£, = N/hwmg
H the geomagnetic field in we'ber/m_e't;erz.
fH = e )-AOH
2mm : /
D the magnetic dip measured as negative in the northern hemispheres
v = fH/f‘ - - -
_ 2 /02

- Bl
o o
s the collision frequency of the eleotrons,

: A a constant of the order 3,2,
oA = f‘c/ﬁ"n‘f and is assumed small compared with unity.
z the height above the bottom of the layer,
u horizontal distance in the meridan plane from the point of entry
into the layer.

b the refractive index.
cU the vertical component of the group velocity,.
X Z sin D
L = the "Lorentz term" usually taken as O or 1/3.
% El +£3
o 1 +43
P ='(1 - 22)/%
a =1 -)/er?
Fx =

Fo= (p-1)2%h

1/[{23_5_9 q -»1]

§ =1-v
& =1 -'7sin2D.
£

the equivalet‘path length,

Furthesr symbols and functions occur in the integration and will be
defined as they arise, ;

. The quantities Fy, Fy are best computed by eliminating the p in the
definitions and expressing them as functions of ¥ and q. Graphs of these
functions over the requisite range have been computed. \

The f‘undamehtal-eq;xation is that conmecting Z%,¢”, D, and § (or "7).
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At vertical incidence this may be written
az* - bz + o = 0,

where a = Agz -5

i

= (4 +8)%-2a°
c=bgl =83

&, b, and ¢ may each be positive or negative, so that to avoid come
puting trouble use is made of the forms

: Tcm 1, . ¢ Form 2.
22 = b + b2 - L ac or 20
= Jza e (ordinary)
b -:/bz - L ac
= b -tsz L 2
o i el F i = (extraordinary)
2a :

b +/.b2 - I ac

Form 2 leads directly to the usual form of tHe Appleton=-Hartree
equation.

The rule for computing is:=
Compute a2, b, and ¢, and then work according to the sign of b,

Qrdin Extraordinary.

b positive Form 2  Form 1.
b negative Form l. . Form 2,

Having found the 7 - 7 relation, the differentials are cox;xputed. from

du _ n?Fx gin D cosD
dz

o '?Fxsin%.)

a8ty 1+, LY +5«'2'{1 - 5(2 -7)}_’&
z (1 +7F sin2D),

dz U

The total attenuation is exp. (~K) where
z

% 57k az

and k= p (2 -‘p)
- & (1 -E;)
z Ll + T, sin? DJ g
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It is evident that labour is asmved by treating all three together, as
similar quantities occur, especially in the denominators, is.e. if any one is
to be computed, it is worth while to do all three, These differential
quantities are now considered in detail, The computations have been
arrenged in such a way that the results cen be graphically exhibited to
ellow a final accuracy of the order of 1% when the integration is made.

This necessitates severesl full-page grephs, and to save space only copies
showing the general shape of the graphs are reproduced,

During the analysis, reference will be made to various limiting values,

These are collected here in the case f = Q.
T A
P = —-'-'-"'—*—-——l - z2 = lo
3 4 2
a'= S & :
5 =0,
T
Fx= -ll
Ev:'- On
At §=0

2 -172 c-,o:s2 D -’r,"./l.. in2 D +’£’2 oosl"l')
2 (1 -72)

p is Pinite and

q'= 3
TE :

F, ard F have complicated values but can be computeds
AtT = 0 (very high frequency or zero field).

P = 1-22

qQ = 1=3% and becomes infinite.
2 '
: Fx = O-
P =0,
w

Use is also made of ¥ = ow(very low frequency)s The results here will be
physically incorrect, because the ray-theory camnot be used, but are useful
as showing end-points towards which the curves must tend.

At

v =co

P = cos2 D.

q = O-

Fx= ""13 F

me sintt D 8602 D
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2e The 7 -8 Curves.

In the following detailed analysis it is assumed that £ = 0.

The genersl shape to be expected of the Z » J curves is well knowm.
Z=1for3 =0and Z=0forS =1, The curve is of a rather distorted
shape changing very rapidly near 3 = 1, and it is for this reason that the
fundamental equation is best expressed in terms of § + When¥' =0
Z=J§ . IfT# 0, 2>/% and when is small, the fundamental

equation becomes

Zb" cps2D - z2 00521) +d =
the appropriate root of which is

Z =__/‘S"_ sec D-

Thus the quantity z// 5 is always finite, and is conveniently plotted.
As the distortion of the curve also occurs when § is small, it is best to
uge a logarithmic scele of § » The resultant curves for Z/ /s are ‘shown
in Fig.l. These are the fundamental curves on which the rest are based,
and show up at once the distortion, already mentioned, at small values of
§ « TImapinary values of Z are neglected. This disregards any coupling
between different rays.

At zero frequency T = oo
Zz = 1= 3

1 - % sin?D
1ie % 1

R g

%« The lateral deviation.

The tilt of the path is given by du .
dz
dz
A5 = 1 du_, - ten D,
dz

Thus the group-path tilts over till it is perpendicular to the
magnetic field. The negative sign implies that the ordinary wave moves
toward the north in the northern hemisphere.

AT = o, du =0, as is to be expected.

daz ;
T = o du = -5 sin D cos D = «3agin 2D
o : 24

1-5 sin2 D

Thus du is everywhere f‘:ma.te and there is no especia.l d.lfflculty

a dz
in representing it graphically as a function of 8. (Fige2.)s In Figs 3
the same curves are represented as functions of f for definite values of
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$ + This representation is not convenient when it is required to integrate
on a frequency not represented in Fig. 2, but the physical picturc is
clearer from Fig, 2, All the differentials are shown here in the form of
Fige 2, although they were used in the form of Fige. 3 for computing,

Le The grwp-ve]:gcity.

In order to obtain the path length, it will be necessaxy to integrate
1/Us But at the reflection U = 0 and 1/U becomes infinite, Moreover the
last portion of the path near U = 0 will evidently be of great importance
as the group spends a long time in the part of the ionosphere where its
velocity is small, so the graphical representation must be manged to be
accurate near § = 0.

Now when ¥ = 0, U = [ , so that U/f{"a iy
WhenT 3 0, and § is emall U [§ cos D, iee. U _y cos D and
: J_..—--
it is seen that U/fb which is the ratio of velocitﬁies in the two cases is
everywheré finite., It is therefore a convenient quantity to plot es=
pecially as' it turns out later to bé specially useful whon integrating.

The 1imit-value for T-3cc is, in a suitable form for computing:=~

g , -3 sin?p )V/2

Js 1 =223 sinD
Curves of U as functions of § are given in Figs 4 although as before

I
computations e:.:r:e5 made from a set showing U// § as a function of f.

5e The attenuation,

IPT = 0 k=1//¢

Thus the effect of the field is expressed by k ﬁ— which remeins
everywhere finite so that as in the case of the group-velocity it is heiigr
to plot a derived quantity rather than the absorption directly. kg
will also be found to have the same advantage for invegratings '

A9 e} kB V5 webD

At T = putting in the limiting velues already given shows that

k ; cosZ2 D
(1 ~-9%)1/2(1 - § sin2D)

The case of § small (i.e. 1lim k is of perticular im_portanoe
550
as it expresses the "limiting attemation“ of a non=-deviating la;',rar such

as is kmown to be of great importance, especially in the daytime. This
limiting velue is

3/2

k,f% =k0"""P+ 2Fx:w
g
/
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For D = -67°, curves of k, as functions of § are given in Fig. 5

On account of the importance of the limiting attenuation, it has
been computed as a function of ¥’ and D for the whole range of D and is shown
in Fig. 6. It has been customary in this region to make use of the
"quasi-longitudinal" approximation which is equivalent to

k, = 1 -

(1 + T sin D)z

and it is evident that the approximation is correst for D = 0 and also for

D = 90% but in between gives too high a value. The ratio of the two
expressions is shown in F&g. 7 for several values of De It-is to be

noticed that although this work has so far been presented in terms of vertical
incidence, this restriction can be removed for the non-deviative part, and

the expression found can be quite generally used taking D as the angle be=-
tween the field and the wave=front. For oblique incidence it is only
necessary to include a geometrical factor to express the increase in path-
length in the non-deviative region.

6s General properties of the differentials.

Before proceeding to integrate the differentials and obtain the
observable quantities, it is best to see what information can be obtained
without integrating,

It is evident from the curves that over most of the range of 5 s the
group=vilocity is greater than it would be without the field and the absorp-
tion is less, © This is what is to be expected physically, as the electrons
are moved by the wave against the direction which the field would give them,
and their motion is therefore reduced by the fields But near the reflection
point these conditions are reversed, the group-velocity decreases and the
absorption increases. This is alrcady shown in the curves given by Bajpai
and Mothurd and is inherent in the expressions given by GOubauhy but in both |
cases is passed by without comment, although for practical purposes it is
extremely important. The physdcal reason for it is scen from the values of
du The electron motion is tilted by.the field out of the plane of the
dz
wave-front, with the result that the wave-packet moves sidecways.

The actual group=-velocity is not cU but is given by oU sec (:an“l _@g).
This expression is alweys greater than ¢ , and becomes equal to dz
/g only at the reflection point where the group is travelling perpendicu-
larly to the field and, being an ordinary wave, is not affected by the field.
Similarly the absorption for unit distance travelled is always less than
without the field, the increase near the refleotion is produced by referring
it to the verticel component of the path.

The fact that the path has to become perpendicular to the field at the
reflection point provides a physical explanation of the independence of the
critical frequency from the fields The ordinary wave is in fact reflected
in the condition in which its propagation does not depend on the field.

' The eppreciation of these facts shows that it is not possible to pre=
dict from the differentials in what way the integrals will be affected by
the field. The differentials must be integrated with respect to vertical
height, and in the case for examplc, of the path-time, will be less over
part of the path, and greater over the remainder. The second part W}ll nor=
mally bz short because it is only where § is small, but as the velocity is
also small, the time taken is apprecigble. It will be shown that in fact
in typical ceses both the path-time and the absorption are 1ncre§sed,.but_
there may be occasions when they are decreased. Differing density d;strz-k
butions cormpletely alter the relative importance of the two parts of the paths



PART II. INTEGRALS.,
1. Methods.

To obtain observable guantities it is necessary to evaluate the
integrals

SRR

o o
=
' S
Jo
z
‘0
Q 5 Edz
dz
JO
(%o
K- = &2 % Xk dz
A 3 2

for given relations between the density N, the collision frequency f, as
expressed in 9 and &, and z , z, being the value of 3z at which ¢ = 1.
Strictly, this gives only half the path, but as the upgoing and downcoming
branches are symmetrical at vertical incidence, this half is sufficient.
The truly observable quantities are 2P' and 2K, The overall value of Q
on reflection is zero, but it is included as the velue at the top of the
path is the total sideways deviation, .and measures the extent over which
the condition of horizontal stratification must be satisfied for the theory
s to be strictly applicable. -

All the ihtegrals may be expressed in the general form

rZ

I = ©
J L dz
o

where L is known as a function of § and in the integrals for P' and K,
becomes infinite at z = z,. If the distribution of density is known,
this gives the relation o? 5 to Z, and the integral beccmes

1 :
I L az
3 ad
(o]

Since L is only known graphically, the integral must be obtained by
a numerical method, and difficulty arises where L becomes infinite, There-
are known ways of dealing with this (as suggested for example, by Booker)2,
but in the general case it is necessary to.fit an analytic function to L
in some way. Since it has been seen that an exact determination of this
part of the integral is of great importance, it is better to obtain
analytic transformatioms which avoid the infinity in the integrand, = The
method used is essentially one of those given by Millingtonl, and is re=-
capitulated here, In order to obtain numerical values which will show the
r‘ruag;j;:uge of the effect to Ye expected a "parabolic" ionosphere is chosen
in c

where the maximum density Ny occurs at the height Spe (Millington also
deals with the "sine-squared" region).

€



§=f-§-=f29- 5o g
Nm fom fzfom m
Mus1=3/3 2 fraz¥
i %y

Furthfer substitutions made are

S = 1% ;{
so that £ = 0 at the penetration frequency,
g w1 -y2

so that %y goes from 1 to 0 as 5 goes from 0 to 1,

It is also to be noticed that Y w / 5

3w s (1+jé->

log 1+—]4-

and S goes from 0 to 1 as Y goes from 1 to O,

Then the integrel becomes
F Y L dg

Ay P

%

The only infinity is then in C at f = 0p the escape frequency, because the

order of infinity in L in these problems is such that FYy L is finite.
When integrating through a particular layer, /J is determined by the
frequency, and ¥ by § « Curves have been drawn from which S and F are

ily found.

=
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In the work that 'follows interest is centred mot so much on the actual
value of the integral as in the effect of the magnetic field.® If the field
is not present, the integrals can be calculated analytically, and the
figures presented are the ratio of the two cases. Before, proceeding to the
numerical integrations, some limiting values which can be found analytically
are givens

2« End=points of the integrals.,

PR Y ¢ (or T =00) .

At x = 0 (zero frequency)/g becomes infinite and C zero, but F, Y L
are finites Thus the integral has a definite value, and since C does not
depend on the field, the ratio of the two cases remains finite,

The ratio is more easily obtained by going back to the original
integral A

1
I 1, 4z
J 3 as :

(734

zmJt2 L » &%

2 .o\/l-—xzt
52

As x tends to zero the integral tends to J LadJ and using L, for
T =0 and Ly for ¥ = 00 the ratio becomes 9

’

s
P

R=‘1LHd§

{1 L, as

Jo
and as the values of Iy for T =od have been expressed analytically R can
be calculated and acts as a check on the remeinder of the works

(a) Path-length.
In the case of path-length, L =

(=1 o

For7 =0, U =/§

% ; 1
e j LD ds a.j 4 3 20 \?
o W il
J1=3%

When 77= 0, it has already been shown that
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Ry Sl el e 3
: (1- 5 Esinz.li))l/2 (1 = 5)1/2
in which 22= 1 - 3
T-Ya?D

TMJS ‘} 1-25sin2D+stin2D ay
o (1-351n D)3/2 (1= 3)31/2

This integrel is easily evaluated, and the final result is

O ‘

= F 2
‘1 i 1 <508 D tanh™tsin D
J L, 4 2 8in?D sin D '
) Py :

For D = 67° the casc for which all the other work is done, this gives

R = 1. 316
b

This value could equally well be found by integrating the velues of
U already given by means of the graphifal methods This was done as a check

5 : ‘ e
on, the overall accuracy. and gave R = 1,30 which is taken to be sufficicntly
accurate,

As an example of the way in which the magnetic field effect depends on
Dy, it may be noted that according to this equation, R =1 for D = 0 at the
magnetioe equator, agreeing with the known independence of the ordinary from
the field at the equator, and R tokes its maximum value of 1.5 at D = &+ 90,
* i.es at the magnetic poles, Here, however the theory may break dovm on
account of the coupling with the isolated branch of the Z - Sourve,

(b) The Attenuation,

e

The 11mt1ng value of the attenua.‘blon at T¥ = vooan be similarly dealt .

withe When U = = 3 / on the assumption that the collision
frequency is constant
M s
Thus j L, ay = 5 al = -
i jo ,jl =3 3

Whenqy % 0 as already shown

L=3 Ky 2 ‘fcos D
1--5’)1/2 (1 - $sin D)3/2

\ Evaluation of the integral gives

1 -
& j Ly a3
e
0 cos® D P
r-I_-——S— = . 3 1 - —m 'bB.nh a81n D ]

JoLﬂd' }
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This is the same exprcssion as hes already been found for the path
length, and thus for D = 67°, R_ = 1.316, :

(o) Lateral deviation,

In this case there is no deviation at all when'v 0, and consequently
the ratio would have no meaning. The effect of the field is expressed
entirely by the actual value of deviation, which tends to zero at & —) ©°
because there is no penetration of the layer (unless the oritical frequency
is also very low.) '

3¢ Conditions at x = 1, the critical frequency.

As x approaches unity, £ becomes small, The integral is still given
formally by

I = %CJ\IF‘YL.QS

and the infinity which occurs in path-length and absorption is only in C so
that the integrel is finite. F becomes equal to unity, but there is some
apparent difficulty in finding § as §—— 1 independently of Y except
actually at ¥ = 0 where § = 0,° This means that if Y L is not zero at

S = 0, the integral becomes

: % &
o= = | pmoned - ym o
0

Physically this means that where L has an infinity at the reflection
pointY = 0, the wave-packet spends an inoreasingly large proportion of its
total time near the reflection point as x-—3 1, until at the critical
frequency the integral is determined only by the conditions at the reflection
point,

Since C does not depend on the field, the ratio which expresses the
effect of the field becomes

1i - T im
=0 Yo (YLH)
\ ylu-i-;m 0 ( Y Lo )
(a) Path-length. L

AtY = 0 which is§= 0, L, = 1//%
LH——-il//S cos D

5

Thus SP = sec D.

(b) Attenuation. L = $ k.

At - =0 Lo= 5{;8‘-

I-Hw-aS{/_a—Eos De

and Sa. = Bec D.
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_ Both attenuation and pathelength arg increased by the Tield in the
ratio sec D at the critical frequency, For D = 67 sec D = 2,559 so that
the effect is considersble, Furthermore, it is now scen that both
quantities are increased Qy the field at each end of the h'f curve, and this
leads to the suspicion that they will be increased on all freguencicss The
later detailed integrations will show that for a parabolic layer at least,
this suspicion is confirmed, It is also found that the increase, although
considerable at all frequencies runs up tq ite limiting velue very steeply
as the critical frequeucy is approached.

(c¢) Lateral deviation,
-

The method described for x—-1 does not apply for the lateral deviation
as L = % does not become infinite, Thuswy L= 0 and the resulting zero
Z
together with the infinity on C gives a finite value, But as L is not in~
finite, there is no need to use the complete transformation and deviation
may be cbtained directly from:
(2
Q = du az
dz
S -

for at the critical frequency x = 1 and

2
1 -B % . wite ‘
" |
Thus _Z.m‘?: o . }5 (in the lower half of the layer, which is the interesting
part)

end dz = zd (1- /3),

1
from which = o
Qm o j %-u-z-,,d (/5)

and the limiting valde of Q is found grephically by plotting du against

A o

\
The value so found evidently depends on the way in which du varies

through the layer, and there is no simple analytical expressiond?or its
limiting value, However, it is evident that for a given value of the
critical frequency fom’ it is possible to write

U = 2y M(fom)

As foy increases, the effect of the field decreases so that the integral

is only appreciable over a diminishing range of 1 - /¢ and M tends to zero.
It is of interest to calculate the limit-value as f, = becomes smalls It
has been shown that at zero frequency . :

du -$costinD

t— |
4z~ 1 = 'ysin® D




So thus (M) = 3 coe D sin D a (‘/-
5 )
g 1~ S sin?

Q
= D cosee? D = cot De
ForD=0(M) =0
- max s
D=290° (M) =m/2,
max
D =67° (M) = 0.956,

max
Graphical integration for this last value gave 0,962, again giving a
good check on the numerical ascuracy., '

4e Numerical results. -

In order to obtain representative numerical results the ?.n?;egrations
have been carried out through three parabolic layers having critical
frequencies of 2 Mc/s, 5 Mc/s and 10 Mo/s and compared with the no-field
values,

(a) Path=-length.
The path-length is given by

P'=J% an=zmojv x a

ButY = /7 and U//% is already known so that the integrand is easily founc.
The end-%oints are known, for at S =0 F=1and Y =secD

i
whereas at S = 1 F has a value depending only on /Z and Y/U = 1

4 number of the curves obtained when integrating through the 2 me/s
layer are shown in Fig. 8, For zero field Y /U = 1 and the integrand is T.
This is also shown, and integrating F leads to.the well known expression

=1
h:) I - z, tanh =~ X.

The curves of Fig. B show how the overall effect of the field is re-
duced by the compensation of two large effects in opposite directions,
Over much of the rengeof § towards § = 1 the curve lies below the no-field
line, and the reduction in time, measured by the arca between the curve and
the line, is considerable. But over the last part of the range of towards
3 = Oy the curve is above the line, and the increase in time over this pc-t
is also '‘considerables The final result is the small difference of these
two large arcas, which in the case of the parsbolic layer, very nearly
compensste, '

Using ht or the apparent heights deduced from Fig, 8, the values of bﬁ/hg)
as a funiction of x for the three layers are shown in Fig. 9. It is
evident that the increase in h' is comsidereble. it x = Q'ht/h! is 1,316

es elready calculated, but the rise to sec D which must ocour is confined
to values of X very close to unity.  However, the simple theory shows thot
values of x greater than 0.99 are rarely of great :_meortance as they are
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usually lost by absorption, so the detailed way in which hf/h! approaches
sec D has not been investigated. The observable effect may also be represenked
as in Fig. 10 which shows (h{j - h!) z, as a function of x. A representative

value of 2y for region F is 100 km, so that it is seen that the increases in
height are easily measurable,

{b) Attenuation,

The attenuation ihtegral is

K=2_;' J%Ekaz = _27.:_*’}52. 3% /T 45

For calculation, the assumption has been made that the collision
frqusncy is constant throughout the layer. For T = 0 this leads to

L= zm A
= ['— 1+ = ; S tanh™t ;I

ot )
The values of the ratio KH/KO are shown in Fige 11. The curves have the
same general shape as those for hﬁ/hé from 1,316 at x = 0 and a very steep
rise to sec D near x = 1.

In this case again, the increase is quite measursble but in agreement
with the results of Millington, the relation of h' to K near the critical
frequency is the same as if the field were not present, as both are
altered in the same manner,

(e) Lateral deviation.

It is strictly unnecessary to transform the integral for lateral de=-
viation into the § form, as there is no infinity in @ It was however,
convenient to do so as the relevant graphs were aJreé&? available, . Jhe
total sideways deviation at the reflection point is

Q (x) = zg

and curves are given of q in Fig, 12, Again the deviation is only con=~
sidersble near x = 1o In Fig, 13 is shown the value of q for x =1 as
function of the critical frequency, This is the maximum deviation that
can occur in a layer of this type.

PART IIT - THE EFFECT OF THE LORENTZ TERM

Tt would not be difficult in principle to compute the effect of the
Lorentz term from the comple‘e expressions., Their added complexity would
add considerably to the lebour, and therefore only an estimate of the
effec: to be expected has been made, By approximate methods it is, however,
possible to see that if due allowance is made for the known effect of the
Lorentz term in the no-field case, it is not likely that its inclusion in
the more complex treatment will add much of ‘importance on the ordinary rayes

1. The effect without the field,

It is convenient firstly to recall the effect produced in The absence
of the field., This has been fully worked out by Ratcliffe who obtains for

a parabolic layer of the type alrcady used
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! 1 " -I 8 =a’/2
% - f;(l v 222)2 ‘_(1 4P} EAAR) ~ {1 ~2°) F [uoe)'
, 3 e = .90'
s e
oot Dy _ O
in which Wl = oquivalent height. including the Lorents term
K2 = sin? o = 3x2/(1 4 2x2)

e o = :
Go=szn/‘-3: ‘ : e

and E, F are the elliptic intcgrals of the second-and first kinds, - The
relation between penetration frequency and density is altered, but for com-
parison purposes use is made of regions having the same penetration frequencys
Thus the corresponding expression for the equivalent Height hé without the
Lorentz term is

=z o |
hé = Zn X tanh X,

The complete curve of hl against x has been drawn by Rateliffe, but it
is more instructive to consider the ratio hi/hg, ;

At low frequencies, i.e. x small and
_ 2 : _

k% = 3x% = s:mz,c,o = (“0)2
80 that k and o are also small,

Expending the elliptic integrals in terms of X gives, after reduction

(1)ams = [HEGo0-3] 2

. . . \¢ ! 2o
Similarly (S) g zmx2
Thus It

h' = 10092.
L/ x—30

gggrwgge Ugegﬁgrg- ggi%eg%eﬁgox ;?Bz)-oacﬁes unity and hl'.; becomes infinite
Putt.ing k' = coset g
and expanding in terms of k' gives

K o w/2)  log bfk

and h’) = i — lo 2L %
( L x‘...’l “m 2 ﬁ B l=-x ®
Similarly -
. e o

X=31
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and thus P‘?’ 5/3 = 1.226
: hI. .x-«M-\ 2 :
Further computation confirms that hé is in fact always greater -th;n hl!‘,.

and thet as x tends to unjfy the diffesende iocmeases to infinity such.
way that the ratio is » This shows that the curve of %' Willi‘go o~
distinguishable fram that of hi with a velue z} where.

/ ]

zm 5 2z

neglecting the fact that the curve is not striotly parsbolic ai lower velues
of Xe '

If use is made only of the portion very near X = 1, a = 1.226, but if
a’ larger portion of the curve is uscd, a mJ,l be slightly less, This ;
equivalence has already been noted by Beymon',

Approximation with magnetic field.

In mé\king use of the expressions, a slight modification is needed in
the transformation of the integral., The quantity L to be inbegrated is
a function of % and the integral becomses

W - > de - 43 .
1% dez = [ -&-?-5 =49
: e ¢
: a8

“m
Ncwd_ Ejm ;1'5:513
Z-Z’—n(l't‘g?) /___1..?”1

i)

* 7 ¥ 11395,
and%% = 1/(1‘-'57)-2
50 that : £
=7 i‘ﬁ;i?"_m’ﬁ }L T THERE

The transformations previously used were designed to deal with the in-
finities in the first and third terms of the integral.,. These are exactly
the same in this case, and the extra term does not contribute another
infinity, S0 that the same transformations are appropriate, and the integral
becomes :

e

I=12,C(1 -Z%n) jl -(—3.—:-27’7)3/2 YF d*b

The end-points are found in the same way as before. At zero frequency mn
tends to 14F, and the ratio of the two ceses is given by the ratio of the

integrals,
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Near the penetration frequency fcr the ordinary, ¥y approaches unity and
the integral breaks down in the scme way as before, and once again the
ratio which expresses the effect of the field becomes '

lim
1lim L '
b Co .(Y 0) < '

and in this ciase%z\/e_z =7

The limiting values near the penetration are

%% LS tan D : .
g'l?_l =i -ﬁ) sec D G2 % il f 5
=, : fE - ' i
ot (1 =4) sec D = ; P 4
L& s 3 ;

Thus the limiting value of the tilt is the same as before, and the
ratio of the integrals for path-length and atterumation also remains equal to
sec D independently of the Lorontz term.

Consequently, although this is not a complete proof, it is reasonable
to assume that the effect of the field at other frequencies than the
penetration will not depenc markedly on the value of the Lorentz term, so
long as attention is confined to the ordinary raye For this reason the
arithmetic has not been undertaken in detail,
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PART IV CONCLUSIONS,

Although only a few h'f curves have been calcoulated in detail, it is
possible to draw some general conclusionss

|

The sideways tilt is of impprtance, and it is shown that for 'quite
normal values of the critical frequency the layer must be only horizontally
stratified for at least 50 Kms, in the magnetic meridian for the "eritical
frequency" found in the ordinary way to have strictly the meaning usually
given to it. The extraordinary is deviated in the opposite direction to
an extent not calculated but almost certainly considerably less, so that the
ionospheres to which the two critical frequencies refer are probably often
separated by a distance of the order of 70 Kmss The magnitude of the
gradient may be estimated from the difference between critical freguencies
at Burghead and Baddow which lig¢ roughly N - 8. Even on the averspe over
a month this is often of the order o: 0.5 Mc/se As the distance is about
700 Kms. the difference in critical frecuencies for the two rayvs can
average as much as 0405 Mc/s. an easily measurable®amount. On individual
days the gradient may be considerazbly more, so that this lateral deviation is
-in itself enough to account for many of the variations in separation between
critical frequencies which are actually observed, although it is not sugzested
that this is the only possible reasons The fact that near the reflection
point, where its effective wave=-length is fairly long, the packet is
travelling almost perpendicular to the field, will also be of importance
in connection with irregularities which may be stratified in, that direction,

The effect on the calculation of oblique trensmission cannot be directe
ly seen. In order to secure certainty it would be necessary to work out.
the detailed oblique theory in the same way as the vertical theory is treated
here, This has not yet been done because' of the magnitude of the labour
involved, but it is hoped to return to the obligue problem laters Meanwhile
it is possible to make some reasoned puesses at the behaviour to be
expected at oblique incidence, by using the theory in conjunction with the
known experimental values,

It is known that the simple theory neglecting the field gives extremely
accurate agreement with the observed values, at fairly high angles of
elevation, but appears to give rather low values for skip frequencies at
long distances. This presumably means that the effect of the field at
oblique incidence is of the samc order as at vertical-incidence and that
the simple theory gives the risht value for the wrong reason. The curves
of Fig. B show also how the magnitude of the ficld-effect is given by a
rather delicate balance between two large and opposite effects which may
be easily upset. It is because of this balance that considerable
numerical accuracy is necessary in the Z =9 curves. Thus if instead of a
parabolic layer, a layer with a "shelf" on the underside were used, the
portion of the curve below the no-field line would be extended, which might
make ﬁéag_h' over parts of the h'f curve, althouch near the critical frequen=

0

\cy the same limit must be approached as beforce A similar balance is to
be expected at oblique incidence, and it cannot be assumed that it will
be maintained to low angles. In fact as the freguency to be used at Jow
angles will be much higher, it is to be expected that the magnetic field
effects will be reduced., Since h' > h' this would in fact give an

)
increase in the skip-frequency, a result which is at least in the right
direction. -
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A direct evaluation can be made of the effect on the usual means of
skip-calculation, The curvature of the relation of ht/h! to X shown in
Fige 9 means that it will not in general be possible to fit a parabolic
region to the observed h'f curve, but a plot of hﬁ againstlhé is flound to be
linear between x = 087 and x = 0,97, within the limits of observetion. The
lincs are shown in Fige 1l4. Using Hy and H, for the heights of maximum
density deduced on the two thcories and z,, z,, for the semi=~thickness, the
curves give

Critical frequency. 2 mc/s. 5 mc/Se 10 me/s.
[ %mo 1el5 1,32 1.22
= H
T Do 0425 0,13 0,007
ZI'I].O

Thus the observed effects are considerable, and emphasize the fact that
the parameters derived in fitting a parabolic layer to an observed h'f
curve are not to be taken as necessarily physical quentities. It also
means that h'f curve is modified in such a way that the portion near the
critical freguency behaves roughly like the h'f curve of a different
parabolic layer with a greater hecight of maximum density and considerably
greater semi-thickness. y

It is known that although it is occasionally possible to fit a para=
bolic layer to a large portion of the h'f curve by mocans of the simple
theory, the values of h' at the lower frequencies are generally consider=-
ably greater than would agree with the parabola deduced from the cusps
This is the type of effect that would be produced by the field, so that
the true distribution may be more nearly parabolic then the simple tacory
would allow one to helicve,

The number usually employed to determine oblique transmission 1s the
skip-factor for 2,500 Kms, This deperdson the haight of the layer ahove
the ground and taking values of this height of meximum density hp, between
200 and 400 Kms. and a true Zp, of 80 Kms, the factor Fy deduced from the

actual h'f curve and the factor Fy deduced by applying the simple theory

to the actual layer can be compareds, Fy is always less than Fy and
Fig. 15 shows F, - Fy plotted against F, (or hy)e The change in the

factor is evidently appreciable and it is remarkable that if the extra=
polation to long=-distance from Fy is made on the basis of F,, the
correction is of the order which has been assumed to fit the observed
long=-distance transmission,

The effect on the deviative attenuation is of less importance as less
detailed work has been done on the simple theory. The results suggest
that the overall attemuation is increased at all freguencies, and not
only at the critical frequency, The detail in practice will evidently
be greatly affected by the precise-variation of collision frequency with
height and the numerical values given cannot be too closely compared with
practical values. The work has also led to a detailed survey of the
non-deviative attenuation which is of considerable prectical importance,
and shows the extent to which the "quasi-longitudinal™ approximation may
be misleading.

/!
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PART V, SUMELARY

(1)
(2)

(3)

(&)

(5)

(6)

The important results found for the ordinary ray are:-

The apparent height and attenuation are imoreased by the megnetic
field

This increase is easily measurable and mekes an appreciable difference
to the "skip-factor",

The overall path-length is the result of a delicate balance between

" opposing effects, casily upset by changing the density-distribution

or angle of incidence.

The non=deviative attenuation is not correctly represented by the
quasi-longitudinal approximations True values are given.

The condition of "horizontal" stratification must be maintained over
at least 70 Kms, in the meridianfor a true "critical frequency" to be
obtained,

The inclusion of the "Lorentz term" would not make muich observable
difference,
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